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Abstract 

In this work nul-filiform and filiform Zinbiel algebras are described 
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algebras is extended from dimensions < 3 up to the dimension 4. 
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1 Introduction 

One of the important object of the modern theory of non-associative algebras 
is Lie algebras. Active investigations in the theory of Lie algebras lead to the 
appearing of some generalizations of these algebras such as Mal'cev algebras, 
Lie superalgebras, binary Lie algebras, Leibniz algebras and others. 

In the present work, we consider algebras which are dual to Leibniz alge- 
bras. Recall that Leibniz algebras were introduced in [6j in the 90-th years 
of the last century. They are defined by the following identity 

k> [y^A] = [[x,y]^A - [[x,z\,y]. 
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J.-L. Loday in [5] studied categorical properties of Leibniz algebras and 
considered in this connection a new object — Zinbiel algebra (read Leibniz 
in reverse order). Since the category of Zinbiel algebras is Koszul dual to 
the category of Leibniz algebras, sometimes they are also called dual Leibniz 
algebras [7j. 

In works some interesting properties of Zinbiel algebras were ob- 

tained. In particular, the nilpotency of an arbitrary complex finite dimen- 
sional Zinbiel algebra was proved in [¥]. 

For the examples of Zinbiel algebras we refer to works [1], [5] and [7]. 

Since description of all finite dimensional complex Zinbiel algebras (which 
are nilpotent) is a boundless problem, it is natural to add certain restrictions 
for their investigation. One of such restriction is restriction on the nilindex. 
Note works [2J and , where structural description of nilpotent Lie algebras 
and Leibniz algebras is given. 

In study of any class of algebras, it is important to describe up to iso- 
morphism even algebras of lower dimensions because such description gives 
examples for to establish or reject certain conjectures. In this way in [1], the 
classification of complex Zinbiel algebras of dimensions < 3 is given. Apply- 
ing some general results obtained for finite dimensional Zinbiel algebras we 
extended classification of complex Zinbiel algebras up to dimension 4. 

2 Classification of complex nul-filiform Zin- 
biel algebras 

Definition 2.1. An algebra A over a field F is called Zinbiel algebra if for 
any x,y,z E A the following identity 

{x o y) o z = X o {y o z) + X o i^Z o y) (1) 

holds. 

For a given Zinbiel algebra A we define the following sequence: 

A^ = A,A''+'^ = Ao A^A; > 1. 

Definition 2.2. An Zinbiel algebra A is called nilpotent if there exists s & N 
such that A^ = 0. The minimal number s satisfying this property is called 
index of nilpotency or nilindex of the algebra A. 
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It is not difficult to see that the index of nilpotency of an arbitrary n- 
dimensional nilpotent algebra does not exceed the number n + 1. 

Definition 2.3. An n— dimensional Zinbiel algebra A is called nul-filiform if 

diniA^ = {n+ 1) —i, 1 < i < n + 1. 

It is evident, the last definition is equivalent to the fact that algebra A 
has maximal index of nilpotency. 

Theorem 2.1. An arbitrary n-dimensional nul-filiform Zinbiel algebra is 
isomorphic to the algebra: 

Ci o Cj = Cl^j_^ei+j, for 2<i+j<n (2) 

where omitted products are equal to zero and {ei, 62, ... , e„} is a basis of the 
algebra. 

Proof. Let A be an n— dimensional nul-filiform Zinbiel algebra and let {xi, X2, 
. . . , Xn} is a basis of the algebra A such that Xi & A^\ A? , 0:2 G \ A? , . . . , 
Xn € A"'. Since X2 G \ A^, we have for some elements b2,p, C2,p of algebra 
A 

X2 = ^ b2,p o C2,p = ^ aijXi o Xj = 0x1 + (*) 

where (*) G A^, i.e. X2 = 01,1X1 0x1 + (*). Note that q;i_iXi o xi 7^ 0. Indeed, 
in the opposite case X2 & A^. 

Similar, for X3 & A^ \ A^ we have 

^3 = X] Ct3,p O (&3,p O C3,p) = ^ Oij-fcXi O (Xj O Xfc) = ai, 1,1X1 O (xi O Xi) + (**) 

where (**) g A^ and ai, 1,1X1 o (xi o xi) 7^ (otherwise X3 G A^), i.e. X3 = 
«i,i,ia;i o (xi o xi) + (**). Continuing this procedure we obtain that elements 
ei := Xi, 62 := Xioxi, 63 := Xio(xioxi), . . . , e„ := (xi o . . . o (xi o (xi 0x1))) 
are different from zero. It is not difficult to check the linear independence of 
these elements. Hence we can choose as a basis of algebra A the elements 
{ci, 62, ... , e„}. We have by construction 

ei o = Cj+i for 1 < i < n — 1. (3) 

We shall prove the equality ([2]) by induction on j for any i. 
Using identities (1), (3) we can prove by induction the equality: 

Cj o d = itiJ^x for 1 < i < n — 1, 
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i.e. equality ([2]) is true for j = 1 and any i. 

Suppose that the equahty is true for al\ j < k — 1 and any i. 

Let us prove the equahty ([2]) for j = k and any i. Using the inductive 
hypothesis and the following chain of equalities: 

o Cfc = Ci o (d o Ck-i) = {ci o ei) o efc_i - o (efc_i o d) = 
= iei+i o Cfc-i - {k- l)ei o = iCf_^^^_iei+A: - {k - l)ei o Cfc 
we obtain kd o = «Cf_^^"'_iei+fc, i.e. 

_ i^fc-i _ + fc- 1)! _ {i + k-l)\ _ 

□ 

We denote the algebra from theorem 12.11 as NFn . 

It is not difficult to see that n- dimensional Zinbiel algebra is one generated 
if and only if it is isomorphic to the algebra NFn- 

3 Classification of complex filiform Zinbiel al- 
gebras 

Definition 3.1. An n— dimensional Zinbiel algebra A is said to be filiform 
if dimA^ = n — i,2<i<n. 

Consider the natural gradation of an filiform Zinbiel algebra taking Ai = 
A^/A^"^^, 1 < i < n — 1. It is obvious that dimAi = 2 and dimAi = 1, 
2 < i < n — 1, and 

A = Ai®A2® An^i where Ai o Aj C Ai+j. 

In the following theorem, the classification of complex naturally graded 
filiform Zinbiel algebras is represented. 

Theorem 3.1. An arbitrary n- dimensional {n > 5) naturally graded complex 
filiform Zinbiel algebra is isomorphic to the following algebra: 

F„ : Ci o Cj = Clj^j_^ei+j, 2 < i + j < n - 1 (4) 

where omitted products are equal to zero and {ci, 62, ... , e^} is a basis of the 
algebra. 
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Proof. Let A be an Zinbiel algebra satisfying conditions of the theorem. Sim- 
ilar to the work [5] we take a basis {ei, 62, ... , e„} of the algebra A such that 
Ai = (ei, e„), A2 = (62), As = (es), . . . , y4„_i = (e„_i), and ei o a = e^+i at 
2 < z < n-2. 

Introduce the following notations 

ei o d = 0162, ei o e„ = ^262, e„ o d = 0362, e„ o e„ = 0462. 

Now consider the possible cases. 

Case 1. Let (ai,a4) 7^ (0,0). Then without any loss of generality we 
can suppose ai 7^ 0. Change the basis as follows 62 = aie2, Cg = 0163, . . . , 
e^_^ = aie„_i we can suppose ai = 1. 

In this case, the space spanned on vectors {ei, 62, ... , e„_i} forms an nul- 
filiform Zinbiel algebra of the dimension n — 1. From the proof of theorem 
12.11 we can conclude Cj o ej = Cf_,_j_]^ej+j, 2<i+j<n~l. 

Consider identity in the following multiplications: 

(ei o e„) o d = ei o (e„ o ci) + ei o (d o e„) ^ 20263 = "363 + "263, 
i.e. a2 = as; 

(ei o d) o e„ = ei o (d o e„) + ei o (e„ o d) ^ 62 o e„ = 0363 + ^263, 

hence, 62 o e„ = 20263; 

(ei o e„) o Cn = 2d o (e„ o e„) ^ 2^263 = 20463, 

consequently, = a^; 

(e„ o d) o d = 2e„ o (d o d) ^ 2^263 = 2e„ o 62, 

i.e. we have e„ o 62 = 0263. 

Take the change of the basic elements by the following way: 

= —0:261 + e„, e[ = Ci for 1 < i < n — 1. 

It is not difficult to see that e[ o = o e[ = o = 63 o = 
o 62 = 0, moreover other products are not changed, i.e. we can suppose 
0(2 = C(s = a4 = 0. 

Using identity ([1]) and the method of mathematical induction one can 
easy to prove 

e^o a = for 1 < i < n ~ 1. (5) 
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The equality 

Cj o e„ = 0, for 1 < 2 < n — 1 

can be proved by induction using ([1]) and ([5]). 

Case 2. Let (01,04) = (0,0). Then (02,03) 7^ (0,0). In the case of 
02 7^ — 03 we obtain case 1 taking e!^ = ci + e„. Now consider the case 
02 = — 03 7^ 0. Taking the following change of basis 

e[ = ei, = e„, e[ = 026^ for 2 < i < n — 1 

we can suppose 02 = 1. 

Consider the following products 

(ei o e„) o d = ei o (e„ o ci) + Ci o (ci o e„) ^ 62 o d = 0; 

= (ei o d) o 62 = ei o (d o 62) + ei o (e2 o d) = ei o 63 = 64. 

Thus, we obtain the contradiction with existence of an algebra in this case. 

□ 

The following proposition allows to extract a "convenient" basis in an 
arbitrary complex filiform Zinbiel algebra. Such basis is often called in liter- 
ature adapted [8]. 

Proposition 3.1. There exists basis {ci, 62, ... , e^} in an arbitrary n-dimen- 
sional {n > 5) complex filiform Zinbiel algebra such that the multiplication 
of the algebra has the following form: 

d o Cj = Cl^j_^ei+j, 2 <i+j <n-l 
enOd = oe„_i, e„oe„ = /?e„_i 

where o, /5 G C. 

Proof. By theorem 13. ll we have that any n-dimensional complex filiform Zin- 
biel algebra is isomorphic to an algebra of the form: 

where 

P{ei, Ci) = 0, for 1 < i < n — 1, 
Picn, e„) e lin{e3, 64,,..., e„_i}. 
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j+3, . . . , e„_i} for 1 < i ^ n — 1, 

/3(ej,ei) G /m{ei+2,ei+3, . . . ,e„_i} for 2 < i < n - 1, 

/?(ei, Cj) G /m{ei+j+i, 6^+^+2, • • • , e„_i} for 2 < i < n - 1. 

Similarly as in proof of the theorem 13. II it is not difficult to establish that 
the multiplications: 

Ci o d, Cj o Cj, l<i,j<'n — 1 

can be obtained from ei o Cj = Cj+i, 1 < i < n — 2 and identity ([1]). 
By the similar procedure, we obtain 

P{ei, ei) = 0, for 1 < i < n — 1, 

P{ei,ej) = 0, for 2 < i, j < n — 1. 

Let a Zinbiel algebra A be isomorphic to the algebra F„ + jS. Then we 
have 

ei o Cj = Cj+i, for 1 < i < n — 2. 

Put ei O Cn = 0363 + ^464 + • • • + an-lCn-l, Cn O Ci = (3363 + (3^6^ + . . . + 
/^n-lCn-l- 

Taking the change = e„ — 0362 — 0463 — ... — a„_ie„_2, we can suppose 
as = ^4 = . . . = «n-i = 0, i.e. ei o e„ = 0. 
Identity ([1]) implies 

(eioen)oei = eio(e„oei)+eio(eioe„) ^ eio(/?3e3+/?4e4 + - • .+/?n-ie„_i) = 

therefore f^ze^ + /54e5 + . . . + /5„_2e„_i = 0. Hence, e„ o ei = /3„_ien_i. 
Consider the product 

(en o Cn) o d = e„ o (e„ o d) + enO (ei o e„) = 

from which we obtain e„ o = 7e„_i for some 7. 

Similarly to the proof of theorem 13.11 we can obtain that e„ o = for 
2 < i < n ~ 1 and Cj o = for 1 < i < n — 1. 

Thus, we obtain that Zinbiel algebra A is split, i.e. A = NF^^i © C. 
Applying theorem 12.11 complete the proof of the proposition. □ 

The classification of complex filiform Zinbiel algebras is given in the fol- 
lowing 
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Theorem 3.2. An arbitrary n- dimensional (n > 5) complex filiform Zin- 
biel algebras is isomorphic to one of the following pairwise non isomorphic 
algebras: 

K ■ ei o ej = C!!^j_^ei+j, 2 < i + j < n - 1; 
: do Cj = Cl^j_^ei+j, 2 <i+ J <n-l, e„ o ei = Cn-i] 
: do Cj = Cl^j_^ei+j, 2 < i + j < n - 1, e„ o e„ = e„_i. 

Proof. By proposition 13.11 we have the muhiphcation (muhiphcation ^ ) in 
an n— dimensional complex filiform Zinbiel algebra, namely, 

Ci o Cj = Cl^j_iei+j, 2 < i + j < n - 1 

e„ o ei = ae„_i, e„ o = (3en-i. 
Consider the general change of generator basic elements in the form: 

e[ = aiCi + 0262 + . . . + anCn, 

= hiCi + 6262 + . . . + hnCn, 

where ai 7^ o and ai6„ — a„6i 7^ 0. 

Then expressing the rest basic elements of the new basis by means of basis 
elements of the old basis and comparing the obtained relations, we obtain 
the following restrictions: 

aibi = 0, 
0162 + 20261 = 0, 
0163 + C|a2&2 + 30361 = 0, 

ai6„„3 + C"~3a26„_4 + C'"l|a36„-5 + ■ ■ ■ + (n - 3)a„_36i = 0, 

aibn-2 + C'nZla2bn-z + C'n-2«36n-4 + . . . + {u ~ 2)a„_26i + attuhi + Panhn = 0. 

We have recurrently from these restrictions 61 = 62 = ■ ■ ■ = bn-3 = 0. 
Hence, bn-2 = -^P- 
Consider the product 

° e'l = (-^^/3e„_2 + bn-iCn-i + 6„e„) o (aiCi + 0262 + . . . + a„e„) = 
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= -(n - 2)/?a„6„e„_i + aai6„e„_i + /3a„6„e„_i = (aai6„ - (n - 3)a„6„)e„_i. 
On the other hand, 

o e[ = a'a""^en_i. 
Comparing coefficients at e„_i we obtain 

aaibn — {n — 3)Panbn = a'a^'^. 
Consider the product 

en°< = (-^/3e„_2+&„-ie„_i+6„e„)o(-^/3e„_2+6„_ie„_i+6„e„) = 

bl(3en-i. 

On the other hand, 

/ / n/ n—1 

Comparing coefficients we obtain 

Now consider the following cases. 
Case 1. Let /3 = 0. Then = and abn = a'aJl'"^. If a = 0, then 

a' = and we have algebra F^. If a 7^ 0, then taking 6„ = we get 
a' = 1, i.e. the algebra is obtained. 

Case 2. Let /3 7^ 0. Then putting bn = a/o""^, a„ = -jj^z^ we get 
= 1, a' = and algebra F^ is obtained. 

Note that the obtained algebras are not pairwise isomorphic. □ 

Comparing the description of complex filiform Leibniz algebras |2j and 
the result of theorem 13.21 we can note how much the class of complex filiform 
Zinbiel algebras is "thin". So, although Zinbiel algebras and Leibniz algebras 
are Koszul dual, but they quantitatively strongly are distinguished even in 
the class of filiform algebras . 

4 Classification of four dimensional complex 
Zinbiel algebras. 

Since an arbitrary finite dimensional complex Zinbiel algebra is nilpotent, 
therefore for an arbitrary four dimensional Zinbiel algebra A the condition 
= holds. 

As the direct sum of nilpotent Zinbiel algebras is nilpotent, then in the 
description it is enough to consider non split algebras. 
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Theorem 4.1. An arbitrary four- dimensional complex non split Zinbiel al- 
gebra is isomorphic to the one of the following pairwise non isomorphic al- 
gebras: 
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Proof. Note that the resuh of Proposition 3.1 of [IJ also holds for Zinbiel alge- 
bras. Therefore we have the following possible cases for {dimA'^, dimA^, dim A*): 

(3,2,1), (2,1,0), (2,0,0), (1,0,0), (0,0,0). 

It is obvious, an Zinbiel algebra with the condition (3, 2, 1) is nul-filiform. 
Using theorem 12.11 we obtain algebra Ai. 

Consider an algebra with the restriction (2, 1, 0) (this algebra is filiform). 

Let {pi, P2, 63, P4} be a basis of algebra A satisfying the conditions A"^ = 
{P3,P4}, A^ = {P4}. Then we can suppose that 

Pi o pi = aiP3 + 0264, Pi o p2 = a3p3 + a4P4, 

P2 O Pi = a5p3 + 0^664, P2 o P2 = a7p3 + 0364, 
Pl O P3 = P4, P2 O P3 = a9P4, 

where (ai, 03, 05, ay) 7^ (0,0,0,0). 
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Case 1. Let {ai,aj) 7^ (0,0). Then by arguments analogous to argu- 
ments in the proofs of theorems 13.11 and 13.21 we obtain algebras: 

ei o d = 63, ei o 63 = 64, 63 o d = 264; 

ei o d = 63, ei o 62 = 64, ei o 63 = 64, 63 o ci = 2e4; 
ei o d = 63, ei o 63 = 64, 62 o 62 = 64, 63 o 61 = 264. 
Note that the algebra defined by multiplication 

61 o 61 = 63, ei o 63 = 64, 63 o 61 = 264 

is split. So, in this case we have the algebras A2 — A3. 

Case 2. Let (01,0:7) = (0,0). Then (03,05) 7^ (0,0). If 03 7^ — 05, then 
taking e'l = Aei + 62, where A 7^ — 09, we have case 1. It remains to consider 
the case 03 = — 05. Denote 63 = O363 + O464. Then we can write 

61 o 61 = 0264, 61 O 62 = 63, 62 o 61 = O563 + 0364, 
62 O 62 = 0364, 61 O 63 = 64, 62 O 63 = O964. 

Consider the products 

(61062)061 = 6io(6206i)+6io(6i062) = eio(-63+06e4)+6i063 = ^ 63O61 = 0, 

(ei o 62) o 62 = 26i o (62 o 62) = ^ 63 o 62 = 0. 
If we replace basic elements as follows: 

e[ = ei, 62 = 62 — 0961, 63 = 63 — 02O964, 64 = 64, 

we obtain 09 = 0, i.e. the multiplication in the algebra has the following 
form: 

61 O 61 = O64, 61 O 62 = 63, 
62 O 61 = -63 + /364, 62 O 62 = 764, ei O 63 = 64 

(omitted products are equal to zero). 

Check the isomorphism inside this family. 

Consider the general change of generator basic elements: 

e[ = aid + 0262 + 0363, 
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62 = bid + ^262 + ^363 

where 0162 — ct2^i 7^ 0. 

Expressing rest basic elements of the new basis via basic elements of 
the old basis and comparing the obtained relations we obtain the following 
restrictions: 

afa + 0102/? + 027 + dicis = a'alb2, 
0162/5 + 202627 + dih = I3'a\b2, 
627 = t'^i, bi = 0. 

Consider the following cases 

Case 2.1. Let 7 = 0. Then 7' = and 

aia + 02/? + 03 = a'aib2i 

62 + 63 = I3'aib2. 

Taking 03 = —aia — 02/? and 63 = —62 we obtain a' = (3' = 0, i.e. we 
have the algebra 04. 

Case 2.2. Let 7^0. Then putting 62 = ^, 03 = _^i^±^]^H^±^, and 
63 = MM±2ii2b27^ we get 7' = !,«' = /?' = 0, i.e. the algebra 05 is obtained. 

Note that algebras with the conditions (2, 0, 0), (1, 0, 0), (0, 0, 0) are asso- 
ciative. Therefore we can use the classification of four dimensional algebras 
of Leibniz [1], i.e. choose algebras with the condition = 0. □ 
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